CONVEX FUNCTIONS ON GRASSMANNIAN MANIFOLDS AND 
LAWSON-OSSERMAN PROBLEM 



Y. L. XIN AND LING YANG 



Abstract. We derive estimates of the Hessian of two smooth functions defined 
on Grassmannian manifold. Based on it, we can derive curvature estimates for 
minimal submanifolds in Euclidean space via Gauss map as [24]. In this way, 
the result for Bernstein type theorem done by Jost and the first author could be 
improved. 



1. Introduction 

The celebrated theorem of Bernstein [2] says that the only entire minimal graphs 
in Euclidean 3-space are planes. Its higher dimensional generalization was finally 
proved by J. Simons [19], which says that an entire minimal graph has to be planar 
for dimension< 7, while Bombieri- De Giorgi-Giusti [3] shortly afterwards produced 
a counterexample to such an assertion in dimension 8 and higher. 

Schoen-Simon-Yau [18] gave us a direct proof for Bernstein type theorems for 
n < 5 dimensional minimal graphs with the aid of curvature estimates for stable 
minimal hyper surf aces. 

There is a weak version of Bernstein type theorem in arbitrary dimension. It was 
J. Moser [15] who proved that the entire solution / to the minimal surface equation 
is affine linear, provided |V/| is uniformly bounded. Afterward Ecker-Huisken [9] 
obtained curvature estimates by a geometric approach, as a corollary Moser's result 
had been improved for the controlled growth of |V/|. 

Moser's theorem had been generalized to certain higher codimensional cases by 
Chern-Osserman [6] for dimension 2 and Babosa, Fischer- Colbrie for dimension 3 
[1], [10]. But the counterexample constructed by Lawson-Osserman [13] prevents us 
going further. They also raised in the same paper a question for finding the "best" 
constant possible in the theorem. 

In contrast, the first author with J. Jost [12] proved the following Bernstein 
type theorem without the restriction of dimension and codimension, which is an 
improvement of the work done by Hildebrandt-Jost-Widman [11]. 
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Theorem 1.1. Let z a = f a (x l , ■ ■ ■ , x n ), a — 1, • • • , m, be smooth functions defined 
everywhere in W 1 . Suppose their graph M = (x, f(x)) is a submanifold with parallel 
mean curvature in M. n+m . Suppose that there exists a number /3 with 



(1.1) 

such that 
(1.2) 

Then f 1 , ■ 



2 when m > 2, 
oo when m — 1; 



det | Sij + 



<9/ q <9/ a 

dx i dxi 



f m has to be affine linear representing an affine n-plane. 



The key point of the proof is to find a geodesic convex set 

Bjx(Po) = {P £ G ntm : sum of any two Jordan angles between P and P < — } 

in a geodesic polar coordinate of the Grassmannian manifold, where P denotes a 
fixed n— plane. It is larger than the largest geodesic convex ball of radius ^tc in 
G ra m . The geometric meaning of the condition of the above result is that the image 
under the Gauss map of M lies in a closed subset S C B JX (Po)- 

Recently, the authors [24] studied complete minimal submanifolds whose Gauss 
image lies in an open geodesic ball of radius -^71". They carried out the Schoen- 
Simon-Yau type curvature estimates and the Ecker-Huisken type curvature esti- 
mates, and on the basis, the corresponding Bernstein type theorems with dimension 
limitation or growth assumption could be derived. 

It is natural to study the situation when (3 in the condition (1.1) and (1.2) of the 
Theorem 1.1 approach to 2. The present paper will devote to this problem. We shall 
follow the main idea of our previous paper [24]. But, we view now the Grassmannian 
manifolds as submanifolds in Euclidean space via Plucker imbedding. The auxiliary 
functions are constructed from this viewpoint. As shown before, B JX (Po) is defined 
in a coordinate neighborhood U of the Grassmannian G n>m . We introduce two 
functions v and u in U. Via the Gauss map we can obtain useful functions on 
our minimal n— submanifold M in M m+n with m > 2. Then, we can carry out the 
Schoen-Simon-Yau type curvature estimates and the Ecker-Huisken type curvature 
estimates, which enable us to get the corresponding Bernstein type theorems and 
other geometrical conclusions. 

In Section 2, we give some facts of a Grassmannian manifold G n>m , which can 
be isometric imbedding into a Euclidean space. There is the height function for 
a submanifold in Euclidean space. Such a height function is called w— function 
on G„, m . Then we have an open domain of U C G n ,m, where the w— function is 
positive. Every point in U has a one-to-one correspondence to an n x m matrix. 
We describe canonical metric and the corresponding connection on U with respect 
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to the coordinate. On the basis, the Hessian of an arbitrary smooth function could 
be calculated. 

In Section 3 we define v = — on U. We also define another function u on U. In 

w 

the section, we shall show v and u are convex on B JX (Po) and give estimates of the 
Hessian of them. The estimates are quite delicate. We use the radial compensation 
technique to accurate the estimates. 

In Section 4, we define four auxiliary functions, hi, h 2 , h 3 and h±. They are 
defined on the minimal submanifolds of R n+m whose Gauss image is confined, and 
they are expressed in term of v and u. We also estimate the Laplacian of them, 
which is useful for the next sections. 

Later in Section 5, not only we give the Schoen-Simon-Yau type curvature esti- 
mates with the aid of hi and h 3 , but also we obtain the Ecker-Huisken type curvature 
estimates with the aid of h 2 and h±. Our method is completely similar to the previ- 
ous paper [24] , so we only describe the outline of process. From the estimates several 
geometrical conclusions follow, including the following Bernstein type theorems. 

Theorem 1.2. Let M = (x,f(x)) be an n- dimensional entire minimal graph given 
by m functions f a ( ) with m > 2, n < 4. // 



A, = 



det | 5ij + 



df a df a 

dx l dx'i 



< 2. 



then f a has to be affine linear functions representing an affine n-plane. 

Theorem 1.3. Let M = (x,f(x)) be an n-dimensional entire minimal graph given 
by m functions f a (x l , ■ ■ ■ , x n ) with m > 2. // 



det 



and 
(1.3) 

where R 2 



(2-Aj 



df a df a 

dx l dx'i 



o(Rs), 



<2, 



x 



\f\ 2 . Then f a has to be affine linear functions and hence M has 



to be an affine linear subspace. 



Those are what shall be done in Section 6. It is worthy to note that Theorems 
1.2-1.3 still hold true when M is a submanifold with parallel mean curvature. Dong 
generalized Chern's result [5] [4] to higher codimension, which states that a graphic 
submanifold M = (x,f(x)) with parallel mean curvature has to be minimal if the 
slope of / is uniformly bounded. Hence our results improve Theorem 1.1. 

It is natural to ask what is the relations between the results here and that of 
the previous paper [24]. Since the v— function varies in ^sec p ^2^p) > sec ("^ 7r )) 

on the open geodesic ball of radius ^ in G njm , where p = min(n, m), the results 
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of the present article do not generalize those in the previous one. Both results are 
complementary. 



2. Preliminaries on the Grassmannian manifold G n , m 

Let ]R n+m be an n + m-dimensional Euclidean space. All oriented n-subspaces 
constitute the Grassmannian manifolds G njJ7l , which is an irreducible symmetric 
space of compact type. 

Fix P G G n ,m m the sequel, which is spanned by a unit n— vector E\ A • • • A e n . 
For any P G G n>m , spanned by a n— vector e x A ■ • • A e n , we define an important 
function on G„ jm 

de f 

w = (P, P ) = (ei A • • • A e n , e x A • • • A £„) = det W, 

where W = ((ej, £-,)). It is well known that 

W T W = T AO, 

where O is an orthogonal matrix and 

(fi 0\ 
A= '-. , p = min(m, n), 

where each < /if < 1. The Jordan angles between P and P are defined by 

9i = arccos(/ij). 

Denote 

U={PeG n , m :w(P)>0}, 

let {£„ +Q ,} be m-vectors such that {ei,e n+a } form an orthornormal basis of R m + n . 
Then we can span arbitrary P G U by n vectors ff 

where Z = (z ia ) are the local coordinate of P in U. Here and in the sequel we use 
the summation convention and agree the range of indices: 

1 < i, j, k, I < n\ 1 < a, (3, 7, 5 < m. 

The canonical metric on G n ^ m in the local coordinate can be described as (see 
[22] Ch. VII) 

(2.1) g = tr((/ n + ZZ T y l dZ{I m + Z T Z)- l dZ T ). 

Let P G U determined by an n x m matrix Z = (\ a 8ia), where \ a = tan 6^ 
and 9i, - • ■ ,9 m be the Jordan angles between P and P . (Here and in the sequel we 
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assume n > m without loss of generality; for it is similar for n < m.) Let X, Y, W 
denote arbitrary n x m matrices. Then (2.1) tells us 

(X, Y) P = tr((/ n + Z Q Zly l X{I m + Z%Z Q )- 1 Y T ) 

(2 - 2) =j2^ + ^lr 1 (i + ^r 1 x ta Y ia . 

i,a 

(Note that if m + 1 < i < n, \ = 0.) Furthermore, from 
(I n + (Z + tW) (Z + tW) T ) ~ X X (I m + (Z + tW) T (Z + tW)) ^Y T 

= (/ n + z z T + t{wzl + Z W T ) + o(t 2 )) _1 x 

(J m + Z T Z + t(W T Z + Z T W0 + 0(t 2 ))~Y T 
= (J n + t(I n + Z^ZlY\WZl + Z ^ T ) + 0{t 2 )Y\l n + ZoZ^f)" 1 * 

(/ m + t(i m + Zo^o)- 1 ^^ + ZqW) + o(t 2 ))^(/ m + z T z )- 1 r T 

= (I n - t(I n + ZoZo^-^WZo 7 + ZqW t ) + 0(t 2 ))(7 n + z Q z?y l x 

(i m - t(i m + z^z )- 1 (w T z + zlw) + o(t 2 ))(i m + z T z )- 1 y T 

= (7 n + Z Z T )- 1 X(7 m + Zo^Zq)- 1 ^ 

-*[(!„ + Z^Zl)'\WZl + Z W T )(7 n + Z Z T )- 1 X(7 m + Z T Z )- 1 F T 
+ (7 n + Z Z r )- 1 X(7 m + Z T Z )- 1 (Fy T Z + Z T Fy)(7 m + Z T Z )- 1 F T ] + 0(t 2 ), 
we have 

W(X, Y) P = - tr[(J n + ZoZ^-^F^Zj + Z W^ T ) 
^ 2 ^ (-^n + ZoZj) _1 X(7 m + ZqZ ) 1 Y t 

+ (7 n + ZqZq ) l X(I m + Z Z ) 1 

(vy T z + z T wo(7 m + z T z )- 1 y T ] . 



We let E ia be the matrix with 1 in the intersection of row i and column a and 
otherwise. Denote gi a jp — 

(E ia ,E j/3 ) and let (g ia >iP) be the inverse matrix of 
(diajp)- Denote by V the Levi-Civita connection with respect to the canonical 
matric on G n>m , and by 

Then from (2.2), 

(2.4) gia , jP {p) = (i + \ 2 r\\ + xir's^ 

and obviously 

(2.5) ^(P) = (l + A 2 )(l + A 2 )^, 
Moreover, a direct calculation from (2.3) and (2.5) shows 

(2 6) r ^' j/3 = 2^ 7,W ( _ E i S (E ia , Ejp) + E ia (E j/3 , Eis) + E j/3 {E IS , E ia )) 
= — A Q (1 + A 2 ) l 5 ol j5p 1 5ik — A^(l + A 2 }) 1 5 / 3i8 ai 8jk. 
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From (2.5), we see that 

(2.7) (l + A^l + A^^ (l<t<n,l<a<m) 

form an orthonormal basis of TpG„ im . Denote its dual basis in TpG n ^ m by 

(2.8) uj ia (1 < i < n,l < a < m), 
then 

(2-9) = 
at P. 



3. Hessian estimates of two smooths functions on G 



On U, w > 0, then we can define 

(3.1) v = w~ 1 onU. 

For arbitrary Q e U determined by an n x m matrix Z, it is easily seen that 

m 

(3.2) v(Q) = [det{I n + ZZ T )}^ = JJsec^. 

a=l 

where 9±, ■ • • ,9 m denotes the Jordan angles between Q and F - 

Now we calculate the Hessian of v at P whose corresponding matrix is Z . At 
first, by noting that for any nxn orthogonal matrix U and mxm orthogonal matrix 
V, Z i— > UZV induces an isometry of U which keeps v invariant, we can assume 
Zq = (A Q 5j Q ) without loss of generality, where X a = tan# a and 9i,- ■ ■ ,9 m denotes 
the Jordan angles between P and P . We also need a Lemma as follows. 

Lemma 3.1. Let M be a manifold, A be a smooth nonsingular n x n matrix-valued 
junction on M , X, Y be local tangent fields, then 

(3.3) Vx log det A = tr(y X A ■ A' 1 ) 
and 

(3.4) VyV x log det A = tr(V Y V x A ■ A' 1 ) - tr(V x A ■ A' 1 ■ V Y A ■ A' 1 ). 

Proof. Assume that ei, • • • , e n is a standard basis in M n , then 

det A ei A • • • A e n — Ae ± A ■ ■ • A Ae n . 
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Hence 

Vj det A e x A ■ • • A e n = ^ Ae 1 A • • • A Ae^i A V x Ae 8 A Ae i+1 A • • • A Ae n 



Aei A • • • A Ae^x A (V^A • A -1 )^ A Ae i+1 A • • • A Ae, n 



=tr(Vx^4 • A~ 1 )Ae 1 A • • ■ A Ae n 
=tr(V x A ■ A' 1 ) det A e ± A • • • A e n . 
Thereby (3.3) immediately follows. 
(3.4) follows from (3.3) and 

A ■ VyA' 1 + V Y A ■ A' 1 = V Y {AA~ V ) = 0. 



□ 



Now we let M = U, A(Z) = I n + ZZ T , then \ogv = \ log det A. A direct 
calculation shows 

V X A = XZ T + ZX T , VyVxA = XY T + YX T . 

Hence we compute from Lemma 3.1 that at P 

V x logv = Ur {{XZl + Z X T )(I n + ZoZ?)- 1 ) 



— ^A a (l + A^) 1 X aa , 

a 

VxVylogt; = ((XY T + YX T )(I n + ZoZ?)- 1 ) 

~ti {[XZl + Z X T )(I n + Z Q Z%)-\YZ% + Z Y T )(I n + Z Q Zl)- 1 ) 

= y^(i + \ 2 ) i Xj a y iQ , 

E( XZ o T + Z X T U1 + \)Y\Y2% + Z Y T U1 + A 2 )- 1 



— - ^(A/jX^ + A q ,X /3q ,)(1 + A|) 1 (A a l^ Q + A / gl^, / j)(l + A 2 ) 1 

a,/3 



m+l<i<n,a a, {3 a,/3 

1 

2 

m+l< j<n,a 

£ (i + a 2 )- 1 ^^ + + \ir\i + xft-^Yaf, 

m+l<i<n,a a,/3 
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a,0 



Furthermore, 



V x v =vV x \ogv= (^Xail + Xly'X^v, 

VxVyf =«(VjVy log V + Vx log V ■ Vy log v) 



m+l<j<n,a a,j3 

+ ^ A a A^(l + A^-^l + \lr\X aa Y^ - X aP YpSjv 

=(E( 1+A ?) _1 ( 1+A J)" lx ^ 

+ ^ A a A^(l + A^-^l + Xl)-\X aa Y pp - X aP Yp a ))v. 

In particular, 

(3.5) V Eta v(P) = K(l + Xl)- 1 vS ia 

and 

(3-6) V^V^P) - AQA/3(1 + A 2 r i (1 + A 2 r i v i = aJ = p ia ^p. 

[ otherwise. 

Then, from (2.6), (3.5) and (3.6) we obtain 

Ress(v)(E ia , E jP ){P) =V Eia V Ej0 v - (V Eia E jl3 )v 

=V Eia V Ej0 v - V^^Ve^v 

(3 ' 7) (1 + 2A2)(1 + A^)-^ i — j — a — f3; 

= 1 X a X p (l + X 2 a )~ 1 (l + X})'^ i = (3,j = a ,a^ (J; 

X a Xp(l + A2)-!(l + A')" 1 *; i = a,j = /3,a^/3; 

otherwise. 
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Ress(v) P = Y V u 2 ia + y](l + 2X 2 a )v uj 2 aa + A^A^uw <g> upp + u a p ® cop 

m+l<i<n,a a a^ft 

(3.8) 



+ Y + A « A /3) V (^( a; a/3 + ^/3a)) 

a</3 

/\/2 \ 2 

+ (1 - A^)^— (cu a/3 - Up a )j 

(3.8) could be simplified further. Please note (3.5), which also tells us 

(3.9) dv = ^2 X a v u aa ; 

a 

then 

(3.10) dv <g> dv = ^2 X l y2 u la + Y X <*Xpv 2 u aa <g> upp. 

Substituting (3.10) into (3.8) yields 

Hess(v) P = VUJ i a + J2^ 1 + X ^ vu) ^ + v ~ 1 dv ® dv 

m+l<i<n,a a 

(3.11) +J2 [{ l + X * X p) V (^{u a p + UJp a )) 



a<P 

(\/2 \'- 
+ (1 - X a Xp)vy—(uj a p - up a )j 



Note that A Q > and 1 — X a Xp = 1 — tan 0q tan Op = ^j^^', which implies 
that Hess(i>)p is positive definite if and only if a + 6p < | for arbitrary a ^ (3, i.e., 

PeB JX (P ). 

By (3.2), « = n a (l + A^)i, then 

X a Xp< [(1 + ^)(1 + AJ)]*-1 <t;-l, 

the equality holds if and only if A a = Xp and A 7 = for each 7 7^ a, (3. Hence, we 
have 1 — X a Xp > 2 — v. Finally we arrive at an estimate 

(3.12) Hess(v) > v(2-v)g + v~ 1 dv®dv. 

Now we introduce another smooth function on U. For any Q G U, 

(3.13) w^^tan^. 
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where 1; • • • , 9 m denotes the Jordan angles between Q and P . Denote by Z the 
coordinate of Q, then it is easily seen that 

(3.14) u(Q) = tr(ZZ T ). 

We can calculate the Hessian of u at P e U whose corresponding matrix is Z G in 
the same way. Similar to above, we can assume Z Q = (X a 5 ia ), where X a = tan6* Q 
and 9i, • • • ,0 m are the Jordan angles between P and P . 



Obviously 

V x u=tr(XZ T )+tv(ZX T ), 
(o.lo) _ _ 

VxVyw =tr(Xy T ) + tr(YX T ). 

Then, at P 

Ress(u)(E ia ,E jl3 ) =V Eia V Ej/3 u - (V Eia E jP )u 

=v Ei y Ejg u - T\l jp V Eki u 
=25 ij 8 a p + (A Q (1 + A*)" 
(3.16) • 2A 7 5fc 7 

=25 l3 5 al3 + 2X a X p [(l + Xl)- 1 + (1 + Aj)" 1 ]^-^ 

2 i = j,a = j3,i^a; 

2 + AXKl + Xl)- 1 l = 3 = a = (3 ] 

2X a Xf3 [(1 + A* )-i + (1 + A*)" 1 ] i = p,j = a,a±p. 

In other words 



Hess( U )p = £2(1 + A, 2 )(l + + £(2 + 6A*)(1 + X 2 a ) 



, ,2 



+ £ 2A a A/3(2 + A 2 + Aj)a; a/ 3 <g> ^ 



2 



= £ 2(l + A 2 )(l + A^ + ^(2 + 6A 2 )(l + A 2 

(3.17) m+l<i<n,a a 



+ 2[(l + Xl)(l + X>) + X a X (3 (2 + Xl + X i 
+ 2[(l + Xl)(l + Xl)~X a X,(2 + Xl + Xl)} 



— (w Q| a + ojpcx ) 
\/2 ' 



By computing, 

(3.18) 2[(l + A 2 )(l + Aj)-A a A /3 (2 + A 2 +Aj)] =2(l-A Q A /3 )(A^ + Aj-A Q A /3 + l). 

It is positive if and only if 1 — A a A^ = 1 — tan 6 a tan 6p = > 0, i.e., 

+ #/3 < f- Hence Hess(w)p is positive definite if and only P e B JX (Po)- 
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Moreover, the right side of (3.18) can be estimated by 

2(1 - X a X,)(M + X 2 - X a X, + 1) > 2(1 - ^±^) (%±% + 1) 

-2(1- 4 P> ) 
> 2(1 - = 2 - iu 2 . 

(Here we used the fact u = J2 a ^ an2 = J2 a A„.) By combining it with (3.17) and 
(2.9), we arrive that 

(3.19) Hess(u) > ^2- ^u 2 ^j g. 

For later applications the estimates (3.12) and (3.19) are not accurate enough. 
Using the radial compensation technique we could refine those estimates which are 
based on the following lemmas. 

Lemma 3.2. Let V be a real linear space, h be a nonnegative definite quadratic 
form on V and uj G V* . V — V\ © V 2 , h is positive definite on V\, h(Vi, V 2 ) = and 
^(^2) — 0. Denote by u* the unique vector in V\ such that for any z G V\, 

u>(z) = h(cu*, z). 

Then we have 

(3.20) h > u}(u*)- 1 u®u. 

Proof. For arbitrary y G V, there exist X E R, z 1 £ Vi and z 2 G V 2 , such that 
y = Xu* + zi + z 2 and h(u*,Zi) = 0. Then 

h(y,y) = X 2 h(u*,u*) + h(z 1 ,z 1 ) + h(z 2 ,z 2 ) > X 2 h(u*,u*) = X 2 uj(u*) 

and 

uj^uj*)^ 1 ^ ® y) = uj(uj*)^ 1 uj(y) 2 = X 2 uj{uj*). 
Hence (3.20) holds. 

□ 

Lemma 3.3. Let Q be a compact and convex subset of ~R k , such that for every 
a G y(k) and x = (x 1 , ■ ■ ■ , x k ) G Q, 

(3.21) T a (x) = (x CT(1) ,-- - ,x CT(fc) ) G Q; 

where S^(k) denotes the permutation group of {1, • • • , k}. If f : Q — > R is a sym- 
metric C 2 function, and (D 2 f) is nonpositive definite everywhere in Q, then there 
exists Xq = (xj, • • • , x§) G Q, such that Xq = Xq = ■ ■ ■ = Xq and 

(3.22) /(x )=sup/. 
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Proof. By the compactness of f2, there exists x = (x 1 ,--- ,x k ) G f2, such that 
f(x) = sup n /. Furthermore we have 

f(T a (x))=f(x)=supf ae^(k) 
n 

from the fact that / is symmetric. Denote by C a (x) the convex closure of {T a (x) : 
a G y(k)}, then C a (x) C Q and f(y) > sup CTG ^ (fe) f(T a (x)) = sup n f for arbitrary 
y G C a (x), since (D 2 f) < 0; which implies 

f\ CAx) = supf. 



Denote x\ = ■ ■ ■ = Xq = | Yli=i x \ then 



k 

1 k 

xq = (x , ■ ■ ■ ,x ) = — ^ ^ (x ,x + ,---,x,x,x,---,x ) G C a (x); 
From which (3.22) follows. 



k , 



□ 



By (3.12), 

(3.23) /T=Hess(v) - v(2 - v)g - v^'dv ® dv 
is nonnegative definite on TpG n ,m- Denote 

(3.24) Vl = Q Eaa , V 2 = ($)E ia ; 

then T P G n>m = V l ® V 2 , and (3.11), (2.9), (3.9) tell us 

h(V u V 2 ) = 0, dv(V 2 ) = 

and 



(3.25) h\ Vl = J> ~ 1 + A a) 



is positive definite. Denote by Vi> the unique element in V\ such that for any X G VI, 

h(Vv,X) = dv(X). 
From (3.25) and (3.9), it is not difficult to obtain 



^— ' w - 1 + At 



Aa(l + A 2 ,) 

vy = ^ 

a 

and 

(3.26) d„(Vt;) = £ V _f +A2 ^- 
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Then Lemma 3.2 and (3.23) tell us 



(3.27) Ress(v) > v{2 - v)g + [l + ( £ - _ f + ~ 2 ) 1 



A 2 , 



i> ® dv. 



It is necessary to estimate the upper bound of — f+A 5 "- Denote 
(3.28) is a = \og(l + \ 2 a ), 

then = -1 + e Ua ; since u = Yl a (l + X 2 a )^, 

logu = ^log(l + A2) = ^ I / a 



ov 2 
and 

^ v-l + \i ^ v - 2 + e v <* ' 

a "a 

Now we define 

(3.29) n= {K--- ,^m) e» m ^« > 0,^ u a = 2 log u}, 

and / : Q -> R by 



v - 2 + e v <* 

a 

Then obviously Q is compact and convex, T a (Q) = Q for every a G S^{m) (cf. 
Lemma 3.3), / is a symmetric function and a direct calculation shows 

d 2 f _ (v - l)e v «(v - 2 - e"-) 

~ (^-2 + e^) 3 Q/3 ' 

i.e., 

(D 2 /)<0 when v e (1,2]. 

Then from Lemma 3.3, 

, ,/21ogw 21ogi;x m(—l+v™) 
sup / = /( , • • • , ) = — ; 

A 2 

which is an upper bound of J2 a V _^ X 2 . Substituting it into (3.27) gives 

tt/\ / \ ( v — 1 m + 1\ 

Hess(v) > v(2 — v)g + 5 1 "i; <8> dv. 

- 1) ™ / 

In summary, we have the following Proposition. 

Proposition 3.1. v is a convex function on Bjx(Po) CDC Gn,m, and 

(3.30) Hess{v) > v(2 - v)g + ( — V -^- — + ?-±±) dv ® dv 

K pv(vp - 1) P v J 

on {P G U : v(P) < 2}, where p = min(n, m) . 
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Similarly, we consider 
(3.31) h d ^Ress(u)-(2-^u 2 )g; 

which is nonnegative definite on TpG„ )m . The definition of V\ and V 2 is similar to 
above. It is easily seen from (3.17) and (2.9) that 

h(V 1 ,V 2 )=0 

and 

(3-32) h\ Vl = £(8A 2 + 6Xi + \u')ul a 



is positive definite. By (3.15), 

(3.33) Ai = ^2A a (l + A 2 K Q , 

a 

then 

du(V 2 ) = 0. 

Hence Lemma 3.2 can be applied for us to obtain 

1 ~ 

(3.34) Hess(w) > (2 - -u 2 )g + {du{Vu))~ 1 du <g> du. 

where V« denotes the unique element in V\ such that for arbitrary X e Vi, 

h(Vu,X) = du{X). 
From (3.32) and (3.33), we can derive 

~ v 2A Q (1 + A 2 ) 2 

and hence 

(3.34) tells us it is necessary for us to estimate the upper bound of the right side of 

(3.35) . 

Define Q = {(u lt ■ ■ ■ , u m ) G R m : E a v <* = u} and / : Q -> R 

^ 2z/ a (l + z/ a ) 2 1 2 

(, 1 ,--.,, m )^^ where C = ^ . 

a 

Then it is easy to see that sup / is an upper bound of du(Vu), since u = J2 a tan 2 6 a = 

Obviously fl is compact and convex, T a (Q) = Q for every o e =i^(m), / is a 
symmetric function and a direct calculation shows 

a 2 / -4[(3C - 1)^ + 6Cz/ 2 + (9C - 3C 2 H + 4C - 2C 2 ] 



d^<9^ (3^ 2 + 4z/ a + Cf 



Sal: 
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To show (D 2 f) < when u G (0, 2], it is sufficient to prove F : [0, u\ -> R 

t i-> (3C - l)t 3 + 6Ct 2 + (9C - 3C 2 )t + 4C - 2C 2 

is a nonnegative function, where C = ^ G (0,1]. If F attains its minimum at 
t G (0, it), then 

(3.36) = F'(t ) = 3(3C - l)t 2 + 12Ct + 9C - 3C 2 , 

(3.37) < F"(t ) = 6(3C - l)t + 12C. 

On the other hand, when 3C — 1 > 0, we have F'(io) > 9C — 3C 2 > 0, which causes 
a contradiction; when 3C - 1 < 0, from (3.37), to < then F'(t ) > F(0) = 

9C — 3C 2 > 0, which also causes a contradiction. Therefore 

min F = min { F(0) , F(u) } . 

[0,tt] 

In conjunction with 

F(0) = 4C7 - 2C7 2 > 

= (3C- l)u 3 + 6CV + (9C - 3C 2 )w + 4C7 - 2C 2 

16 8 4 

F is a nonnegative function. Thereby applying Lemma 3.3 we have 

(3.38) dti(Vti) < sup / = /(^, •••,-)= ^^"trL • 

m m (3 + jm 2 )u + 4m 

Substituting (3.38) into (3.34) gives 

1 2 \ (3 + im> + 4m 



Hessfw) > 2 u ) q H 7 r- du <g> c£u. 

V ; ~ V 2 / 2(w + m) 2 

We rewrite the conclusion as the following Proposition. 

Proposition 3.2. u is a convex function on Bjx(Po) cUc G„ im and 

/ ^ \ f3 + l» 2 )-u + 4p 
(3.39) #ess(«) > 2 - -u 2 )g + v . 4 ; - du <g> 



2 y 2(w + p) 2 
on {P G U : u(P) < 2}, where p = min(n, m) . 



Let 
(4.1) 



4. The construction of auxiliary functions 

h x = v- k {2-v) k , 
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where k > to be chosen, then 

h[ = - kv- k -\2 - vf - kv-\2 - vf- 1 

= -2kv~ k -\2-v) k - 1 , 
h'[ =2k{k + l)v' k ' 2 {2 - vf' 1 + 2k(k - l)v~ k -\2 - v) k ~ 2 
=Akv~ k ~ 2 {2 - v) k - 2 {k + 1 - v). 
Here ' denotes derivative with respect to v. Hence, from (3.30) 

Hess(/ii) = -2kv~ k - 1 (2 - u^Hess^) + 4kv~ k - 2 (2 - v) k ~ 2 (k + 1 - v)dv <g> dv 
< -2kv- k {2-v) k g- 



(4.2) 



2kv' k ' 2 {2 - vf' 2 



(y-m-v) + P±i (2 _ v) _ 2{k+1 _ v) 

p(vp — 1) V 



dv <S> dv. 



Please note that -\ — is an increasing function on [1,2]: it is easily seen when p is 

VP-l 

even, since 

V — 1 2 4 1 _2 

— 2 = 1 + vp + vp + • • • + v p; 

vp — 1 

otherwise, when p is odd, 



l— - l— - 

v — 1 f p — 1 v — V p 



= 1 + vp + v p + ■ ■ ■ + v 1 p -\ — j- 



3 v 



VP — 1 VP — 1 f p — 1 

it follows from 



f p + 1 



V VP _|_ i/ 



(tip + l) s 



> 0. 



Hence 



and moreover 



v - 1 > p 



VP 



1"2' 



Now we take 
(4.3) 



(«-l)(2-«) +£± l (2 _ 8) _ 2(t+1 _ B) 

p(l>P — 1) P 

>(± + £±I)(2-t,)-2(* + l-t,) 

= (I-I) T ,+ (3 + H)_2(fc + l) 
2 jr v p' 

>| + - -2/c. 
2 p 



, 3 1 

^=4 + V 
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then ^"T"^ + —(2 - v) - 2(k + 1 - v ) > and then (4.2) becomes 

p(vP-l) p 

(4.4) Hess(fei) < -2kh g = -(l + -)h ig . 



2 p 



Denote 



3 , „ _ 3 

2 



(4.5) h 2 = h 1 Zv+2 =v${2-v 
then 

Hess(/ i2 ) = - ^^/^"Hess^) + ^^(^^ + ® dh 

(4.6) >3/i~^ 5 +(^ + ^)/if^d/i 2 <g)d/i 2 

3 1 

=3h 2 g + (- + —)t l 2 1 dh 2 ® d/* 2 . 
v 2 6p' 

Let 

(4.7) /i 3 = (u + a)-\2-u), 

where a > to be chosen. A direct calculation shows 

h' 3 = -(u + aY 2 {2 -u)-(u + a)' 1 

= - (2 + a)(u + a)' 2 , 
hi =2(2 + a)(u + a)' 3 . 
Here ' denotes derivative with respect to u. Combining with (3.39), we have 
Hess(/i 3 ) = - (2 + a)(u + a)" 2 Hess(w) + 2(2 + a)(u + a)~ 3 du <g> du 
(2 + a)(u + 2) 

(4.8) " " 2{u + a) h3 9 



2(u + pY 



du <S> du. 



- (2 + a)(u + a) 3 
Choose 

(4.9) a = p, 
then 

(u + a)({3 + \p 2 )u + Ap) (3_+|p> + 4p o ^ o o ^ n 

2(« + p)2 2(^ + p) " " ' 

and 

(2 + a)(u + 2) > 2+p _ x | 2 
2(-u + a) — P P 

Thereby (4.8) becomes 

(4.10) Hess(/i 3 )<-(l + -)ft 3 0- 
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Denote 



3p 



3p _ 3p 



(4.11) hi = h 3 p+2 = (u + p)^{2-uy—i, 
then 

Hess(/i 4 ) = - -^-h'^Ressih) + (-^- + l) h~^~ 2 dh 3 <g> d/i 3 
p + 2 p + 2 v p + 2 y 

(4.12) >3/i 3 p+2 </+(- + —)hl +2 dh A <g> o^ 4 

4 2 

=3/i 4 g + (- + — )/i7 1 rf/i 4 ® <i/i 4 . 
v 3 3jr 

Let M be an n- dimensional sub manifold in R n+m with m > 2. The Gauss map 
7 : M — > G„ >m is defined by 

7 (x) = r x M G G n , m 

via the parallel translation in R m+ra for arbitrary x G M. The energy density of the 
Gauss map (see [21] Chap. 3, §3.1) is 

e(7) = ^ (7*ei,7*ei) = i|5| 2 . 

Ruh-Vilms proved that the mean curvature vector of M is parallel if and only if its 
Gauss map is a harmonic map [17]. 

If the Gauss image of M is contained in {P G U C G n ,m '■ V {P) < 2}, then the 
composition function hi — hi o 7 of h± with the Gauss map 7 defines a function on 
M. Using composition formula, we have 

Ahi = Hess(^i)(7*ei, 7*6,) + dhi(r(^)) 

where t{^) is the tension field of the Gauss map, which is zero, provided M has 
parallel mean curvature by the Ruh-Vilms theorem mentioned above. Similarly, for 
hi = hi o 7 defined on M, we have 

Ah 2 = Hess(/i 2 )(7*ei,7*ej) + dh 2 {r{~f)) 

(4 ' 14) >3hi\B\"+(l + ^)h^\Vhi\ 2 . 

2 3p 

If the Gauss image of M is contained in {P G U C G n ,m '■ U {P) < 2}, we can 
defined composition function h% = /1307 and /i 4 = /i 4 o 7 on M. Again using 
composition formula, we obtain 

2- 



(4.15) A/* 3 <-(l + -) 



B\ 2 h 3 
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and 



(4.16) Ah 4 > 3 K\B\ 2 + + ^jK^hi?- 



With the aid of hi and h%, we immediately have the following lemma. 

Lemma 4.1. Let M be an n- dimensional minimal submanifold ofW. n+m (M needs 
not be complete), if the Gauss image of M is contained in {P G U C G n ,m '■ v(P) < 
2} (or respectively, {P G U C Q n ,m : u(P) < 2}), then we have 

! |V0| 2 *l>(! + i) / \B\*<f*l 

^ yj^ J m z V J M 

(or respectively, / |V(/>| 2 * 1 > (l + -) / \B\ 2 <p 2 * l) 
v Jm P Jm 1 

for any function 4> with compact support D C M. 

Remark 4.1. For a stable minimal hypersurface there is the stability inequality, 
which is one of main ingredient for Schoen-Simon- Yau 's curvature esimates for sta- 
ble minimal hyper surf aces. For minimal submanifolds with the Gauss image restric- 
tion we have stronger inequality as shown in (4-17). Our proof is similar to [23] and 
[24], so we omit the detail of it. 



5. Curvature estimates 

We are now in a position to carry out the curvature estimates of Schoen-Simon- 
Yau type. 

Let M be an n-dimensional minimal submanifold in M. n+m . Assume that the 
estimate 

(5.1) f |V0| 2 *1 > A / l^l 2 ^ 2 * 1 

holds for arbitrary function <p with compact support D C M, where A is a positive 
constant. 

Replacing (p by \B\ 1+q (f) in (5.1) gives 

/ |B| 4+ V*1 < A" 1 / |V(|£| 1+ V)| 2 *1 
Jm Jm 

(5.2) =\-\\ + q y ( |£| 2 «|V|£||y *i + A -1 f \B\ 2+2 i\V4>\ 2 *l 

Jm Jm 

+ 2\~ 1 (l + q) [ \B\ 1+2q X7\B\ 1. 
Jm 



20 Y.L. XIN AND LING YANG 

Using Bochner technique, the estimate done in [14] [7], and the Kato-type inequality 
derived in [24], we obtain 

(5.3) A\B\ 2 >2(1 + —)\V\B\\ 2 -3\B\ 4 . 
(For the detail, see [24] Section 2.) It is equivalent to 

(5.4) —\V\B\\ 2 <\B\A\B\ + l\B\\ 

mn 1 1 2 

Multiplying \B\ 2q (f) 2 with both sides of (5.4) and integrating by parts, we have 
2 



mn 



[ |£| 29 |V|£||V * 1 

J M 

(5.5) <-(l + 2g) f \B\ 2q \V\B\\ 2 <p 2 *l 

J M 

-2 f \B\ 1+2q V\B\ -0V0*1 + - / \B\ 4+2q (P 2 *l. 
Jm 2 J M 

By multiplying | with both sides of (5.2) and then adding up both sides of it and 

(5.5), we have 

(5.6) 

(— + l + 2q-h- 1 (l + q) 2 ) [ I^IVISIIV*! 
run 2 Jm 

< h- 1 [ \B\ 2+2q \V4>\ 2 *l+ (3A" 1 (1 + ?) -2) / \B\ 1+2q V\B\-<f)V<P*l. 
2 Jm Jm 

By using Young's inequality, (5.6) becomes 

(^- + l + 2 q - 3 -X-\l + q) 2 -e) [ |fl|*|V|fl||y*l 

(5.7) mU 2 Jm 

<a(e,A,g) / |B| 2+2 «|V0| 2 *1. 
Jm 

If 



then 



whenever 



— + l + 2q-h-\l + q) 2 >0 
mn 2 



(5.9) q E [o, -1 + + ^/4A 2 - 6(1 - — 

L 3 3V mn 

Thus we can choose e sufficiently small, such that 

(5.10) f \B\ 2q \V\B\\ 2 (f) 2 *l < C 2 [ [SI^IV^I 2 * 1 
Jm Jm 

where C 2 only depends on n, m, A and q. 
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Combining with (5.2) and (5.10), we can derive 

(5.11) / \B\ 4+2q <f) 2 *l < C 3 (n,m,X,q) [ \B\ 2+2q \V(f)\ 2 * 1 
Jm Jm 

by again using Young's inequality. 

By replacing (f) by <p 2+q in (5.11) and then using Holder inequality, we have 

(5.12) f |5| 4+2 V 4+29 *1 < C [ \Vc/)\ 4+2q *l. 
Jm J m 

where C is a constant only depending on n, m, A and q. 

Similarly, replacing <fi by (p 1+q in (5.11) and then again using Holder inequality 
yields 

(5.13) / \B\ 4+2q 4> 2+2q * 1 < C [ \B\ 2 \V<P\ 2+2q * 1. 
Jm Jm 

where C is a constant only depending on n, m, A and q. 

Let r be a function on M with | Vr| < 1. For any R e [0, Rq], where i? = sup M r, 
suppose 

M R = {x G M, r < /?} 

is compact. 

(5.12) and Lemma 4.1 enable us to prove the following results by taking <fi e 
C^°(M R ) to be the standard cut-off function such that = 1 in M eR and |V0| < 
C(l - 6)~ 1 R- 1 . 

Theorem 5.1. Let M be an n- dimensional minimal submanifolds o/IR n+m . If the 
Gauss image of M R is contained in {P 6 lie G njjn : v(P) < 2}, then we have the 
estimate 

(5.14) |||S||| Ls(Mefl) <C(n,m, S )(l-^)- 1 i?- 1 MM R )^ 
for arbitrary 9 G (0, 1) and 




Ifp < 4, and the Gauss image of Mr is contained in {P G U C G n>m : u(P) < 2}, 
then (5.14) holds for arbitrary 6 G (0, 1) and 




We can also fulfil the curvature estimates of Ecker-Huisken type. 
Assume that h is a positive function on M satisfying the following estimate 
(5.15) Ah>3h g + c h~ 1 dh®dh, 
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where 

3 1 
2 mn 

is a positive constant. 

We compute from (5.15) and (5.3): 
A(|£| 2s ^) 

>3(q - s)\B\ 2s+2 h q + 2s(2s - 1 + — )\B\ 2s ' 2 \V\B\ I V + q(q + c - l)\B\ 2s h q ~ 2 \Vh[ 

mn 1 1 

+ 4sq\B\ 2s - 1 X7\B\-h q - 1 X7h. 

By Young's inequality, when 2s(2s — 1 + ^) • q(q + c — 1) > (2sq) 2 , i.e., 

11 1 ,1 1 N 

(5-16) g > « > + )q, 

2 mn Co — 1 2 mn 

the inequality 

(5.17) A(\B\ 2s h q ) > 3(q - s)\B\ 2s+2 h q 
holds. Especially, 

(5.18) Ad^l 5 - 1 ^) > \\B\ s+1 hi 
whenever 

2--2- 

(5.19) s > 



1 - — ( l - —)' 

co — 1 v 2 mn / 



Let be a smooth function with compact support. Integrating by parts in con- 
junction with Young's inequality lead to 



/ \B\ 2s h s n 2s * 1 <- f \B\ s - l hin 2s A(\B\ s - l hi)*l 
Jm 3 J M 

vo^r 1 /^) 



\ 2s * i 



(5.20) 

3 Jm 

3 Jm 

By Holder inequality, 

(5.21) f \B\ 2s - 2 h s n 2s - 2 \Vn\ 2 *l< ( [ \B\ 2s h s n 2s * l)~ ( [ h s \ Vn\ 2s * l) \ 
Substituting (5.21) into (5.20), we finally arrive at 

(5.22) ( / \B\ 2s h s n 2s *lf < \s 2 ( [ h s \V V \ 2s *l)\ 
\Jm ' 3 \J M J 
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Take n E C^(M R ) to be the standard cut-off function such that r\ = 1 in M eR 
and |Vt/| < C(l — then from (5.22) we have the following estimate. 

Theorem 5.2. Lei M be an n- dimensional minimal submanifolds of M. n+m . If 
there exists a positive function h on M satisfying (5.15), then there exists C\ = 
Ci(n,m,c ), such that 

(5-23) \\\B\ 2 h\\ Ls{MgR) < C 2 (s)(l - e)- 2 R- 2 \\h\\ Le{MR) 

whenever s > C\ and 9 E (0, 1). 

By (4.14) and (4.16), if the Gauss image of M is contained in {P E U C G n ^ m : 
v(P) < 2}, or p < 4 and the Gauss image of M is contained in {P E U C G n ^ m : 
u(P) < 2}, there exists a positive function on M, which is h 2 or respectively h±, 
satisfying (5.15). Hence the estimate (5.23) holds for both cases. 

Furthermore, the mean value inequality for any subharmonic function on minimal 
submanifolds in M m+n (ref. [8], [16]) can be applied to yield an estimate of the upper 
bound of |£?| 2 . We write the results as the following theorem without detail of proof, 
for it is similar to [24]. Please note that B R (x) C M m+n denotes a ball of radius R 
centered at x E M and its restriction on M is denoted by 

D R (x) = B R (x) n M. 

Theorem 5.3. Let x E M , R > such that the image of D R {x) under the Gauss 
map lies in {P E U C G n ^ m : v(P) < 2}. Then, there exists C\ = Ci(n,m), such 
that 

(5.24) \B\ 2s (x) < C(n, s)R- {n+2s \ sup h 2 ) s Vol(D R {x)), 

D R (x) 

for arbitrary s > C\. 

If P < 4, the image of D R (x) under the Gauss map lies in {P E U C G n ,m '■ 
u(P) < 2}, then there exists C 2 = C 2 (n,m) such that 

(5.25) \B\ 2s (x) < C(n,s)R- {n+2s \ sup h A ) s Vol(D R (x)), 

D R (x) 

holds for any s > C 2 . 



6. Bernstein type theorems and related results 

If M is a submanifold in M ra+m , then the function w defined on G„ jm (see Section 
2) and the Gauss map 7 could be composed, yielding a smooth function on M, which 
is also denoted by w. By studying the properties of w-function, we can obtain: 
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Proposition 6.1. [24] Let M be a complete submanifold in R" +m . If the w— function 
is bounded below by a positive constant w . Then M is an entire graph with Euclidean 
volume growth. Precisely, 



(6.1) 



Vol(D R (x)) < —C(n)R n . 

Wq 



Now we let M be a complete minimal submanifold in M™" 1 "" 1 whose Gauss image 
lies in {P e U C G„ im : v(P) < 2}. Then w = v^ 1 > | on M and Proposition 6.1 
tells us M is an entire graph. Precisely, the immersion F : M — > M m+n is realized 
by a graph (x, f(x)) with 

/ : R n -> M m . 

At each point in M its image n-plane P under the Gauss map is spanned by 

f _ M dr_ 

Ji &i ~T ~ • c-rv- 



Hence the local coordinate of P in U is 



By (3.2), 

Hence 
(6.2) 



v(P) = 



det | 5y + 



<9x* dx j 



det | + 



< 2 



at each i6K n Conversely, if M = (x, f(x)) is a minimal graph given by / : M. n — > 
M m which satisfy (6.2), then the Gauss image of M lies in {P e U C G nm : u(P) < 
2}- 



Let P G U such that u(P) = J2 a tan2 ^ < 2, then cos 2 a = (1 + tan 2 6> a ) -1 > 1 



and 



it; 



(P) = JJcose a >3-5. 



Hence Proposition 6.1 could be applied when M is a complete minimal submanifold 
whose Gauss image lies in {P e U C G„ jm : f(P) < 2}; which is hence a 



m 



sn+m 



minimal graph given by / : 
(6.3) 



l . Thereby (3.14) shows 



E 



dx i 



< 2. 



And vice versa. 

Theorem 5.1 and Proposition 6.1 give us the following Bernstein-type theorem. 
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Theorem 6.1. Let M = (x,f(x)) be an n- dimensional entire minimal graph given 
by m functions f a (x l , • • • , x n ) with m > 2, n < 4. If 



det j Sij + ^2 



df a df a 
dx l dxi 



< 2 



or 



A/ 



E 



or 

dx' 1 



<2, 



then f a has to be affine linear functions representing an affine n-plane. 



Proof. If Af < 2, then the Gauss image of M is contained in {P e U C G n ,m '■ 
v(P) < 2}. We choose 

4 

s = 4 + — > 4. 
dp 

Fix x a M and let r be the Euclidean distance function from z and Mr = Dr(x). 
Hence, letting R — > +oo in (5.14) yields 



151 



Il s (m) 



0. 



□ 



i.e., |.E>| = 0. M has to be an afhne linear subspace. 
For the case Af < 2, the proof is similar. 

Theorem 5.3 and Proposition 6.1 yield Bernstein type results as follows. 

Theorem 6.2. Let M = (x,f(x)) be an n-dimensional entire minimal graph given 
by m functions f a (x l , ■ ■ ■ , x n ) with m > 2. If 



< 2, 



and 

(6.4) (2-A / )- 1 = o(i?f), 

where R 2 = \x\ 2 + \ f\ 2 . Then f a has to be affine linear functions and hence M has 
to be an affine linear subspace. 

Theorem 6.3. Let M = (x,f(x)) be an n-dimensional entire minimal graph given 
by m functions f a (x l , • • • , x n ) with p = min{?7,, m} < 4. // 

2 



A 



/ 



E 



i,a 



or 

dx' 1 



<2, 



and 
(6.5) 

where R 2 



(2 - A f ) 



-i 



2t£+2) 

o(R~^~) 



\x\ 



\f\ 2 . Then f a has to be affine linear functions and hence M has 



to be an affine linear subspace. 
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Proof. Here we only give the proof of Theorem 6.2, for the proof of Theorem 6.3 is 
similar. 

From (4.5), it is easily seen that 

h 2 < C(2-v)~l, 

where C is a positive constant. Thus, for any point q G M, by Theorem 5.3 and 
Proposition 6.1, we have 

\B\ 2s (q) < C{n, s)R~ 2s (2 - v o 7 )^ s 
Letting R — > +oo in the above inequality forces |-B(g)| = 0. 

□ 

Remark 6.1. If n = 2 or 3, the conclusion of Theorem 6.1-6.3 could be inferred 
from the work done by Chern-Osserman [6], Babosa [1] and Fischer- Colbrie [10]. 

From (5.13) it is easy to obtain the following result. 

Theorem 6.4. Let M = (x,f(x)) be an n-dimensional entire minimal graph given 
by m functions /"(a; 1 , • • • , x n ). Assume M has finite total curvature. If Af < 2, or 
p < 4 and Af < 2, then M has to be an affine linear subspace. 

There are other applications of the strong stability inequalities (4.17), besides its 
key role in S-S-Y's estimates. We state following results, whose detail proof can be 
found in the previous paper of the first author [23]. 

Theorem 6.5. Let M = (x,f(x)) be an n-dimensional entire minimal graph given 
by m functions f a (x l , ■ ■ ■ ,x n ). If Af < 2 or Af < 2, then any L 2 -harmonic 1-form 
vanishes. 

Theorem 6.6. Let M be one as in Theorem 6.5, N be a manifold with non-positive 
sectional curvature. Then any harmonic map f : M — > N with finite energy has to 
be constant. 
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